In the tropical limit of matrix KP-II solitons, their support at fixed time is a planar graph with "polarizations" attached to its linear parts. In this work we explore a subclass of soliton solutions whose tropical limit graph has the form of a rooted and generically binary tree, as well as solutions with a limit graph consisting of two relatively inverted such rooted tree graphs. The distribution of polarizations over the constituting lines of the graph is fully determined by a parameter-dependent binary operation and a (in general nonlinear) Yang-Baxter map, which in the vector KP case becomes linear, hence is given by an R-matrix. The parameter-dependence of the binary operation leads to a solution of the pentagon equation, which exhibits a certain relation with the Rogers dilogarithm via a solution of the hexagon equation, the next member in the family of polygon equations. A generalization of the R-matrix, obtained in the vector KP case, is found to also solve a pentagon equation. A corresponding local version of the latter then leads to a new solution of the hexagon equation.
Introduction
In [1] we explored the tropical limit (also see [2, 3, 4] ) of a class of line soliton solutions of the matrix KP-II equation ( 4 u t − u xxx − 3 (uKu) x ) x − 3 u yy + 3 uK u y dx − u y dx Ku
where K is a constant n × m matrix and u an m × n matrix, depending on independent variables x, y, t. A subscript indicates a corresponding partial derivative. We refer to the above equation as KP K . In this work we address another class of line soliton solutions, having a rooted, generically binary, tree shaped support in the xy-plane in the tropical limit, at fixed time t. More generally, we will also consider solutions having a tropical limit graph which is a kind of superposition of two such rooted trees, one of them upside down. In Section 2 we recall from [1] a binary Darboux transformation for the KP K equation and describe the class of solutions on which we will focus in this work, as well as their tropical limit. Section 3 reveals an essential structure of these solutions in the tropical limit. The distribution of "polarizations" (normalized values of the dependent variable u) is ruled by a parameter-dependent binary operation together with a Yang-Baxter map, which is in general nonlinear. The binary operation satisfies a "localized" associativity condition, which then generates a pentagon map, a solution of the set-theoretical pentagon equation (see [5] and references cited there). In case of a vector KP equation (n = 1), the Yang-Baxter map becomes linear and is given by an R-matrix [1] .
The solution of the pentagon equation obtained in this way exhibits a certain structure that suggests a generalization, which is related to a pentagon identity satisfied by the Rogers dilogarithm. The latter pentagon identity determines a "hexagon map", a set-theoretical solution of the hexagon equation, which is the next member in the family of polygon equations [5] , after the pentagon equation. Our generalized pentagon map is then recovered as a truncation of this hexagon map. This is explained in Section 3.2. The hexagon equation first appeared in category theory [6, 7] , and later in the context of Pachner moves of triangulations of four-dimensional manifolds, and corresponding invariants (see, e.g., [8, 9, 10, 11] ). The aforementioned hexagon map already appeared in [10] .
Section 4 shows that a generalization of the R-matrix, which shows up in the vector KP case, also solves a pentagon equation. Localizating the latter then leads to a solution of the hexagon equation. Section 5 contains some concluding remarks.
Soliton solutions of the KP K equation
The potential version (pKP K ) of the KP K equation is
from which we obtain (1.1) via u = 2 φ x . We recall from [1] the following binary Darboux transformation. Let φ 0 be a solution of (2.1). Let θ and χ be m × N , respectively N × n, matrix solutions of the linear equations
The system
is then compatible and can be integrated to yield an N × N matrix solution Ω. If Ω is invertible,
is a new solution of (2.1). If the seed solution φ 0 vanishes, solutions of the linear systems are given by
where P a , Q i are constant N × N matrices, θ a , χ i are constant m × N , respectively N × n matrices, and
If, for all a, i, the matrices P a and Q i have no common eigenvalue, the Sylvester equations
have unique N × N matrix solutions W ia , and (2.2) is solved by
with a constant N × N matrix Ω 0 .
The class of solutions with N = 1
In this work, we will concentrate on the subclass of soliton solutions with N = 1. In this case, the matrices P a and Q i consist of a single entry only, for which we write p a , respectively q i . θ a , a = 1, . . . , A, are m-component column vectors, and
The Sylvester equation is solved by the constants
The above binary Darboux transformation, with vanishing seed and Ω 0 = 0, then yields the solution
where
This leads to
In the following, we will assume that µ ai > 0 for all a, i, which ensures regularity of the solution. The tropical limit of the above τ -function is
Let U ai be the region of R 3 , where τ ai ≥ τ bj for all b, j. The tropical limit of φ in this "dominating phase region" is given by φ ai , which satisfies tr(Kφ ai ) = p a −q i . The boundary of two phase regions is determined by τ ai = τ bj . The tropical value of u along this boundary is u ai,bj . We note that the tropical values of φ and u do not depend on the independent variables x, y, t, and also not on A, M . At a coincidence of L phases, i.e., at points in R 3 , where
u arir,asis .
Instead of u ai,bj , we will rather consider the modified valueŝ
which are normalized in the sense that tr(Kû ai,bj ) = 1. For a = b or i = j, these are rank one projections. The normalized values satisfy the identities
around (but not at) coincidence points of three dominating phase regions (i.e., points where three lines meet in the xy-plane, at some t), which are determined by τ ai = τ bj = τ ck . For i = j = k, this readŝ
3 Maps ruling the distribution of polarizations on the tropical limit graphs (2.4) defines a binary operation
where V is the vector space in which the variablesû ai,bj take their values. In terms of this map, the above identity takes the form The first chain appears for a negative value of the next KP hierarchy variable s, the second chain for a positive value. Each graph corresponds to a composition of three maps B, acting upwards at a vertex of a graph and with certain parameters. The two different chains originate from the fact that the associativity condition (see Fig. 2 ) can be applied in different ways. Each step of a chain, i.e., each application of the associativity relation, is accompanied by a map T of the parameters. The binary operation B does not depend on the variables x, y, t, s. Therefore the compositions of maps T , associated with each chain of graphs, are equivalent, and this imposes the pentagon equation on T . Also see Example 3.3.
The binary operation satisfies the local tetragon equation (cf. [5] ),
assuming the denominators to be non-zero. Here boldface indices indicate the positions on which the map B acts, from the right, on a threefold direct sum. This equation is a parameter-dependent associativity condition, see Fig. 2 . As a consequence, the (twisted) map
then satisfies the pentagon equation (see [5] and references therein)
see Fig. 3 . Figure 4 : The graph shows the generic situation around a "crossing", up to reflections (induced by permutations of a, b or i, j). It involves a soliton line associated with parameters p a , p b , and one associated with parameters q i , q j .
This determines a similar binary operation as the one we met above, but this one acts along tropical limit graphs in the opposite (i.e., negative y-) direction.
If M = 1 or A = 1, the tropical limit graph of the soliton solution is a rooted (generically) binary tree. In the first case the root is at the top in the xy-plane, in the second case it is at the bottom. If A, M > 1, the graph is a kind of superposition of two graphs from the latter two classes. In this case crossings appear. Their structure is sketched in Fig. 4 . The (normalized) tropical values of the KP variable, i.e., the polarizations, below and above the crossing are related by a (in general) nonlinear Yang-Baxter map R(p a , q i ; p b , q j ), determined bŷ
where 1 m stands for the m × m identity matrix, and
cf. [1] . The values ofû in the middle of the right hand sides of the two equations (3.2) are the input data of the Yang-Baxter map. This map is invertible. Since (3.2) is still valid if we permute a and b, or i and j, the inverse is obviously obtained by applying both permutations. In our examples and figures, it will be convenient to regard the action of the Yang-Baxter map as a process in y-direction. For a crossing in any concrete example, Fig. 4 (as a graph in the xy-plane) is only true for special values of a, b and i, j, of course. Exchanging a and b, respectively i and j, would then mean regarding the Yang-Baxter map as acting in a different direction in the xy-plane. Whereas the Yang-Baxter equation is actually realized in the case of "pure solitons", see [1] , such an explicit realization does not exist in the class of solitons considered in this work.
The vector KP case
In the vector KP case, i.e., n = 1, the above Yang-Baxter map becomes linear. Writingv instead ofû in this case, we find to the pentagon identity satisfied by the Rogers dilogarithm, namely via a solution of the hexagon equation induced by the latter. We also observed that a generalization of the R-matrix obtained in the vector KP case (also see [1] ) not only solves the Yang-Baxter equation, but also provides us with a solution of the pentagon equation. Its parameter-dependence led to an apparently new solution of the hexagon equation.
